Quantum walk research has mainly focused on evolutions due to repeated applications of timeindependent unitary coin operators. However, the idea of controlling the single particle evolution using time-dependent unitary coins has still been a subject of multiple studies as it not only hosts interesting possibilities for quantum information processing but also opens a much richer array of phenomena including static and dynamic localizations. So far, such studies have been performed only for single quantum walkers. In case of multi-walker systems, time-dependent coins may generate measurable phenomena not described by the single-particle model, due to entanglement and interaction among the walkers. In this context, we present here a thorough numerical study of an one dimensional system of two quantum walkers exhibiting rich collective dynamics controlled by simple time-dependent unitary coins proposed in [Phys. Rev. A 80, 042332 (2009)] and [Phys. Rev. A 73,062304(2006)]. We study how the interplay of coin time-dependence, simple interaction schemes, entanglement and the relative phase between the coin states of the particles influences the evolution of the quantum walk. The results show that the system offers a rich variety of collective dynamical behavior while being controlled by time dependent coins. In particular, we find and characterize fascinating two-body localization phenomena with tunable quasiperiodic dynamics of correlations and entanglements which are quantities of quantum origin.
I. INTRODUCTION
Quantum random walk or quantum walk (QW) in its original form is simply the dynamics of a quantum particle that has a spin-1/2-like internal degree of freedom in addition to its position and momentum [1] . Being a natural quantum version of the classical random walk that appears in statistics, computer science, finance, physics, chemistry and biology, it has been a topic of fundamental interest [2] . Moreover, QW research now enjoy broader interest due to its widespread applications in the areas of quantum algorithms [3] , quantum computing [4] , quantum biology [5] , and quantum simulation [6] .
The dynamics of a quantum walker is usually controlled by two unitary operators : a rotation operatorĈ (called "quantum coin") and a shift operatorŜ. The coin operator acts on the walker's internal degrees of freedom, leaving it generally in a superposition of spin up and spin down. The shift operator then shifts the position according to the walker's internal degree of freedom. Hence, the internal and external degrees of freedom becomes entangled. Successive applications of the two operators (Ĉ &Ŝ) generate discrete time evolution of * tkb.tkbose@gmail.com the walker. This is what we call the one-dimensional discrete time QW. One major advantage of QW over the classical random walk is that a quantum walker spreads over the line linearly in time (standard deviation σ ∼ t), while the classical random walk spreads in a slower fashion (σ ∼ t 1/2 ).
A QW with multiple particles contains quantum resources like multi-particle quantum correlations and multi-partite entanglement which have no classical analogue. Moreover, in case of identical particles, quantum statistics gives an additional feature to QWs that can also be exploited. In 2006, Omar et al. first extended the idea of single particle QW to the case of two particles [7] . They showed that a QW with two particles can indeed behave very differently from two independent singleparticle QWs even in the absence of any inter-particle interactions [7] . In particular, the probability to find at least one particle in a certain position after some steps of the walk, as well as the average distance between the two particles, was shown to be larger or smaller than the case of two unentangled particles, depending on the initial conditions [7] . Thereafter, the topic of two-particle QW has attracted significant attention. Berry and Wang considered simple interaction schemes between two particles and showed that the interactions lead to a diverse range of probability distribution that depend on correlations and relative phases between the arXiv:1909.08527v1 [quant-ph] 17 Sep 2019 initial coin states of the two particles [8] . They also showed that two interacting walkers can be used to distinguish all nonisomorphic strongly regular graphs [8] . Stefanak et al. showed that the directional correlations between two interacting particles can exceed the limits for non-interacting particles [9] . Shu et al. studied the effect of coin parameters on two-particle QWs for different initial states and showed that the coin parameters can be used to tune the entanglement between the particles [10] . Pathak and Agarwal reported the QWs of two photons in separable and entangled states [11] . In recent years, different experimental implementations of two-particle QWs have been reported [12] [13] [14] .
QW research, including the above mentioned works, has mainly focused on evolutions due to repeated applications of time-independent unitary coin operators whereas the time-dependent coins have attracted much less attention. However, works on single particle QWs with time-dependent unitary coins have found a rich array of phenomena [15] [16] [17] [18] . In those works, the time dependences were introduced either by choosing coin parameters having explicit time-dependence or by selecting one coin at every step from a deterministic aperiodic sequence of two coins. Bañuls et al. first prescribed a coin operator with explicit time dependence in ref. [18] . They showed that the operator generates dynamical localization and quasiperiodic dynamics. Such fascinating behavior was also realized separately in a QW with a time independent coin and position-dependent phases at every step [19, 20] . Bañuls et al. also showed that the time-dependent coin can be used as a control mechanism to compensate for the phases arising from some external influence [18] . A different type of explicit time-dependence was introduced by Romanelli who actually generalized the discrete time QW on the line using a time-dependent unitary coin operator [16] . He showed that the time dependent coin allows the particle to exhibit a variety of predetermined asymptotic wave-function spreadings : ballistic, sub-ballistic, diffusive, sub-diffusive and localized. These coherent intermediate situations might be useful for controlling quantum information and for the development of quantum algorithms [16] . In recent experiments, Broome et al. simulated another different type of time-dependent coin control by setting different coin parameters for different steps, which were effected in different locations along the longitudinal axis within their photonic beam-displacer interferometer [17] . The linearly-ramped time-dependent coin operation generated two periodic revivals of the walker distribution. On the other hand, a QW where the coin at every step is obtained from a deterministic aperiodic sequence of two coins was first introduced by Ribeiro et al. in ref. [15] . This type of time-dependence generates different types of wave function spreadings e.g., sub-ballistic, diffusive etc. depending on the nature of the aperiodic sequences [15, 21] .
The above described studies have shown that timedependent coins opens a rich array of phenomena. However, such studies have been performed only on single particle systems. Two-particle systems are yet to be explored. This has been our primary motivation for the present work.
We also intend to generalize here the dynamical behavior of two quantum walkers. Generalizing two-particle QWs is in itself a topic of interest as multi-walker systems are expected to generate measurable phenomenon not described by the single-particle model, due to entanglement and interaction among the walkers. For example, non-trivial effects were found in case of two particle QW on a disordered lattice [22] . It is quite difficult to predict such effects from our knowledge of the related single particle models. Since the time dependent coins allow both the particles to exhibit a variety of dynamic behavior, we can generalize two-particle QW evolution using time-dependent coins. The advantage of using time-dependent coin in studying various wave function spreadings is that the modification has to be done only on the coin whereas with time-independent coins, the modifications are required to be performed on a much larger part of the system. For example, to generate dynamic localization without time dependent coins, different position dependent phases are required to be introduced at every step [19, 20] .
The time-dependent coins also allow us to numerically study the collective dynamics of two quantum walker of different nature. Such studies can be instrumental for developing a deeper understanding of two-particle QW. For example, using time-dependent coins we can study the dynamics of two particles where one of them has a predetermined ballistic wave function spreading whereas the other one has a predetermined localized wave function spreading. Interesting dynamical correlations can be found in those cases. Such study can not directly be performed using time-independent coins in the presence(absence) of disorder as both particles will then perform localized(ballistic) evolution.
We present here a thorough numerical simulation study of a one dimensional system of two quantum walkers exhibiting rich collective dynamics controlled by simple time-dependent unitary coins proposed by Romanelli [16] and Bañuls et al. [18] . We investigate how the interplay of time-dependence, simple interaction schemes, entanglement and the relative phase between the coin states of the particles will influence the evolution of the QW. We demonstrate and characterize the wide-spectrum of tunable dynamical behavior offered by the two particle QW evolving under the influences of quantum coins having explicit time dependence.
The paper is organized as follows. In the section II, we describe the formalisms of single and two particle QWs.
The 1 and π-phase interaction schemes considered here are described in section III. Section IV has a description of the time-dependent coins used in the present work. The formalism of two particle QW with time-dependent coins has been described in section V. Section VI describes the observables. All the numerical results of our study are presented in section VII. In section VIII, we draw the conclusions and present future pathways.
II.
STANDARD SINGLE PARTICLE AND TWO PARTICLE QW
A. Single particle QW
The relevant degrees of freedom for a single particle discrete-time QW on a line are the particles position x (with x ∈ z) on the line, as well as its coin state. The total Hilbert space is given by H T otal ∈ H P ⊗ H C , where H P is spanned by the orthonormal position vectors {|x } and H C is the two-dimensional coin space spanned by two orthonormal vectors which we denote as | ↑ and | ↓ . Each step of the QW consists of two subsequent operations: the coin operation and the shift-operation. The coin operation, given byĈ, and acting only on H C , allows for superpositions of different alternatives, leading to different moves. This operation is the quantum equivalent of randomly choosing which way the particle will move in case of classical random walk. Then, the shift operationŜ moves the particle according to the current coin state, transferring this way the quantum superposition to the total state in H T otal . The evolution of the system at each step of the walk can then be described by the total unitary operator.
whereÎ is the identity operator acting on H P . A popular choice forĈ is the Hadamard operatorĈ H :
The shift operator is given bŷ
B. Two particle QW
A two-particle QW takes place in the Hilbert space
. Let |x, α; y, β = |x, α 1 ⊗|y, β 2 be a two-particle basis state, where x, y represent the positions of the two particles on the same axis and α, β ∈ {↑, ↓} represent their respective coin states. The time-evolution operator is defined aŝ U =Ŝ(Î ⊗Ĉ), whereŜ is defined in the two-particle basis byŜ
The coin operator can be represented as a 4 × 4 matrix C 1,2 = C 1 ⊗Ĉ 2 whereĈ 1 andĈ 2 act on two different particles. For example, ifĈ 1 andĈ 2 are both equal to the standard 2 × 2 Hadamard matrixĈ H thenĈ 1,2 acts on the coin Hilbert space aŝ
where a αβ = x, α; y, β|ψ . Here |ψ represents the current state of the system. The two-particle probability distribution, P (x, y, t), is the probability of finding particle 1 at position x and particle 2 at position y after t steps of the two-particle QW, i.e., P (x, y, t) = α,β=↑,↓ | x, α; y, β|(U ) t |ψ 0 | 2 , where |ψ 0 is the initial state of the system. The evolution of the system crucially depends on the choice of the initial states [7] .
Here, we study the QW evolutions starting from three different initial states. One is a separable product state |Sep formed from two particles in unbiased states, i.e., |Sep = 1 2 (|0,
The other two are the two Bell states |ψ + ,|ψ − in which the coin states of the two particles are maximally entangled :
(|0, ↑; 0, ↓ − |0, ↓; 0, ↑ ). These two entangled states differ by a relative phase which creates the differences in the resultant behaviors.
III. 1 AND Π-PHASE INTERACTION SCHEMES
For non-interacting walks, the quantum coin C is taken to be identical for all two-particle position states. The situation becomes more interesting when two particles interact with each other. Even simple interaction schemes can generate quite different behavior compared to the non-interacting case. Berry et al. introduced two simple interaction schemes, which are known as the 1 interaction and the π-phase interactions [8] . For two-particle quantum walks, the 1 interaction is implemented by substituting the standard coin operator with the negative identity operator when both the particles are in the same position state. For example, in the two-particle QW on the line with the Hadamard coinĈ H , the coin operator for the states {|x, α; y, β } becomesĈ =Ĉ H ⊗Ĉ H when x = y andĈ = −1 ⊗ −1 = 1 when x = y, This interaction was introduced by analogy with the QW based search procedure described in [23] , in which a quantum oracle was implemented as a substitution of the Grover coin operator at the "marked" vertices. In some sense, the 1-interacting two-particle walk is equivalent to the search procedure with all doubly occupied vertex states being "marked." In case of the π-phase interacting two-particle QW on the line with the Hadamard coinĈ H , coin operator becomeŝ
Neither of these simple interactions are intended to represent particular physical situations. However, they have been considered in most studies on two particle interacting QW as they allow us to examine, in a simple way, the characteristics of the two-particle quantum walks that are affected by explicit spatial interactions between particles [24] [25] [26] [27] .
IV. TIME DEPENDENT QUANTUM COINS
In general, an arbitrary time-independent coin operator can be written as [28]
For φ 1 = φ 2 = 0, the above form reduces tô
Romanelli and Bañuls et al. considered separately the idea of a modified QW, where the coin elements change with time during the evolution.
Romanelli prescribed and studied in ref. [16] , a deterministic angular time dependence θ = θ(t) for the coin operator and studied the case wherê
with
He considered α ≥ 0 and also defined the discrete dimensionless time as t = (n − 1)τ where n is the number of time steps and τ is the unit of time [16] . He found five different types of asymptotic behaviors depending on the values of the parameter α: a) ballistic for α = 0, b) sub-ballistic for 0 < α < 0.5, c) diffusive for α = 0.5 d) sub-diffusive for 0.5 < α ≤ 1, e) localized for α > 1. We have shown the variations of the standard deviation σ against time for single particle QW under the influence ofĈ α (t) for five different values of α in Fig. 1(a) . It can be seen that the slope of the curves gradually decreases with increasing values of α in case of single particle QW.
On the other hand, Bañuls et al. [18] prescribed and studied the effect of a time-dependent coin of the following special form
Notice that the above coin can be obtained as the sequence of two operations, i.e.,
HereĈ H is the time independent Hadamard coin and Φ(t) is a general function. Bañuls et al. studied a particularly interesting case where Φ(t) = Φ 0 t. For rational values of Φ 0 /2π, dynamical localization around the origin was observed during a transient period. The standard deviation σ oscillates periodically with time during this period [18] . After long enough times, ballistic diffusion starts [18] . The duration of the transient regime is dependent on the coin parameters. For irrational values of Φ 0 /2π, the long-time diffusion gets suppressed and the QW shows dynamical localization around the origin for arbitrarily long time [18] .
Bañuls et al. interpreted the dynamic localization as a propagating solution in the dispersive medium with null mean value of its group velocity [18] . They considered that the value of Φ 0 (= 2π q p ) depends on two parameters q and p. The parameter p was found to control the period of primary oscillations whereas the period of secondary oscillations was controlled by both the parameters p and q. Bañuls et al. numerically showed oscillations of σ with quasiperiod 'p' by considering a rational value of q/p. The secondary oscillations were more pronounced the smaller is q and the larger is the quasiperiod [18] .
We have shown the variations of σ against time for a single quantum walker evolving under the influence of C φ (t) for three different (q, p) combinations in Fig. 1(b) . It can be seen that the standard deviation σ oscillates with time period 'p'. For q = 3, it can be seen that there are secondary oscillations of period p q .
V. DIFFERENT COMBINATIONS OF THE TIME-DEPENDENT QUANTUM COINS
We have studied the dynamics of two particle QW for the following different combinations of two timedependent coins :
A. Combination-I Both the particles are driven by the following timedependent coin introduced in equations 8 and 9.
where
Here the related 4 × 4 coin matrix is written asĈ
The particles are driven by two coins with different α parameters i.e, the related 4 × 4 coin matrix is written
where cos (17) and cos
Both the particles are driven by the following timedependent coin introduced in equation 10
Therefore the related 4 × 4 coin matrix is written aŝ
We consider φ(t) = φ 0 t and φ 0 /2π = q p following ref. [18] and study the dynamics for different rational values of q/p.
D. Combination-IV
Hadamard coinĈ H is applied on one particle and the time-dependent coinĈ Φ (t) is applied on the other particle. Therefore the related 4 × 4 coin matrix is written asĈ
VI.
THE DYNAMICAL OBSERVABLES
We have numerically studied the time evolutions of the following joint properties : C 12 , ∆ 12 and E(|ψ ), apart from the joint two particle probability distribution P (x, y). Here x,y represent the positions of the two particles on the same line. The first observable C 12 is the positional correlation function which is given by C 12 = xy − x y . It measures the positional correlation between the particles. It is also used to quantify the bunching or anti-bunching behavior of the two particles. Positive (negative) spatial correlation indicates bunching (anti-bunching) behavior of the particles.
The second observable is the average distance between the two particles, defined as ∆ 12 = |x − y| . The third observable E(|ψ ) is the entanglement entropy. We have evaluated E(|ψ ) following the procedure described in ref [8] . For two-particle quantum walks, the composite space H can be divided into two single-particle subsystems, H 1(2) = (H P ⊗ H C ) 1 (2) , to measure the total entanglement between the two particles. The entanglement between two subsystems of a bipartite pure quantum state |ψ can be measured using the von Neumann entropy S of the reduced density matrix of either subsystem [29] , E(|ψ ) = S(ρ 1 ) = S(ρ 2 ) = −T r(ρ 1 log 2 ρ 1 ). Since the trace is invariant under similarity transformation and the density matrix ρ 1 has real, non-negative eigenvalues λ i , the von Neumann entropy can easily be calculated as S(
For a pure two-particle state, |ψ = xy ij a xiyj |x, i; y, j , the reduced density matrix ρ 1 is obtained by tracing the density matrix ρ = |ψ ψ| over subsystem 2,
a xiyj a * zkwl |x, i z, k| w, l|y, j where x, y, z, w represent points on the line, while i, j, k, l represent coin states and a xiyj are coefficients of the twoparticle basis states. Using the orthonormality condition w, l|y, j = δ yw δ jl , we obtain ρ 1 = xz ik b xizk |x, i z, k|,
We then numerically calculate the eigenvalues λ i of ρ 1 .
The entanglement E between the two particles can be obtained at each time step from the following relation S(ρ 1 ) = − i λ i log 2 λ i . The maximum entanglement between two k-dimensional subsystems is E max = log 2 k. If both particles are initially placed at the origin, then k = 2 (as the coin-space is two dimensional and position space is one dimensional), so the Bell states |ψ ± , |φ ± are maximally entangled (E max = log 2 2 = 1). As the QW spreads at a rate of one lattice position per time step in each direction, the number of possible occupied states in a two-particle QW on the line increases linearly with the number of steps. The dimension of each of the single-particle subspaces is therefore k = 2(2n + 1), giving E max = log 2 [2(2n + 1)] = 1 + log 2 (2n + 1) where n is the number of time steps. So the upper bound on entanglement grows logarithmically with the number of steps n.
VII. DIVERSE DYNAMICS OF TWO QUANTUM WALKERS
A. The case of coinĈα(t)
Here we describe the results obtained for time dependent coins of kindĈ α (t). In general, the coin parameter α can be different for the two different coins used in 
FIG. 2. Here figures (a)-(o)
show two-particle probability distributions P (x, y) after 100 time steps for two non interacting walkers evolving under the influences of the coinĈα 1 ,α 2 (t). P (x, y) for |Sep initial state :
show the variations of the correlation function C12 against dimension less time n for two non-interacting walkers evolving under the influences of Cα 1 ,α 2 (t). Variations of C12 for |ψ + initial state : (p) α1 = α2 = 0; α1 = α2 = 0.5; α1 = 0, α2 = 0.5 (q) α1 = α2 = 1.25 (r) α1 = 0, α2 = 1.25. Variations of C12 for |ψ − initial state : (s) α1 = α2 = 0; α1 = α2 = 0.5; α1 = 0, α2 = 0.5 (t) α1 = α2 = 1.25 (u) α1 = 0, α2 = 1.25 two-particle QW. We have studied the QW evolutions for five different combinations of these two parameters : (a) Two-particle probability distribution P (x, y) after 100 time steps of evolution of two 1-interacting walkers starting from a |Sep initial state with the following coin parameters : α1=α2=0; (b) Variations of the correlation function against time for evolutions starting from a |Sep initial state with different coin parameter combinations. Some of the curves for different combinations of the two coin parameters nearly overlap each other.
When α 1 = α 2 = 0, the coins transform to timeindependent Hadamard coins. We discuss the results for time-independent coins here so that we can compare and contrast these results with all other cases studied here with time-dependent coins. The two particle probability distributions for time independent Hadamard coins were studied by Berry et al. [8] for different initial states. Our results for α 1 = α 2 = 0 agree with the results obtained by Berry et al. [8] . The second(third) combination is used to explore the evolution of two quantum walkers which would have generated diffusive(localized) evolutions at the individual level had there been no quantum entanglement and interactions between the two walkers. The joint probability distribution P (x, y) for two non-interacting walkers starting from the state |Sep is simply equal to the product of two single particle probability distributions. For α 1 = α 2 = 0, a snapshot of the resultant distribution P (x, y) is shown in Fig.2(a) . Formation of multiple high peaks at four different corners of the xy plane indicates that if, upon measurement on the system, one particle is found to be placed relatively far from the origin then the other particle is likely to be found either near the first particle (bunching) or at the opposite end of the line (anti-bunching). The average separation ∆ 12 increases gradually with time [30] . For α 1 = α 2 = 0.5, P (x, y) spreads much more slowly (see figure 2(b) ), as expected. ∆ 12 also increases with time in a much slower fashion. For α 1 = α 2 = 1.25, the probability distribution remains localized near origin (see Fig.2(c) ). The weak time-variation of ∆ 12 and its saturation to a small value ∼ 1.4 also indicate localization of the walkers [30] . The nature of QW evolution changes when the two walkers are driven by two quantum coins of contrasting nature. For α 1 = 0, α 2 = 1.25, P (x, y) spreads along the y-axis of the related plot shown in figure 2(e) indicating that one of the walkers remains close to origin throughout the evolution while the other one moves away from the origin. The higher peaks are at certain non-zero values of y. The width of the distribution increases in case of α 1 = 0, α 2 = 0.5(see Fig.2(d) ). These results simply indicate that one can tune the value of α 2 to change the width of P (x, y) while keeping α 1 at a fixed value. On the other hand, the position of the peaks can be controlled by changing the value of α 1 .
Two non-interacting walkers remains uncorrelated and un-entangled when they start evolving from the |Sep state. On the other hand, entangled initial states generates two-particles correlation even in the absence of pair interactions. The figures 2(f)-2(j) show the joint probability distributions P (x, y) for the bosonic |ψ + initial state. The probability distributions look somewhat similar to those obtained in case of |Sep initial state. This occurs due to presence of two similar terms in |ψ + and |Sep states. The temporal variation of C 12 for different combinations of the coin parameters are shown in the figures 2(p)-2(r). When α 1 = α 2 = 0, C 12 increases with time (from zero) indicating that the walkers become more and more correlated with time. C 12 also exhibits some periodic oscillations where the oscillation amplitude increases with time (see Fig.2(p) ). It indicates a competition between bunching and anti-bunching behaviors. However, the relative dominance of bunching behavior is quite clear here. When both the coins become timedependent (α 1 = α 2 = 0.5), the particles become anticorrelated as C 12 remains negative and its value gradually decreases with time (see Fig.2(p) ). So, for |ψ + , changing α from 0 to 0.5 not only slowers the spreading of P (x, y) but also changes the character of the dynamics. For α 1 = α 2 = 1.25, the particles remains localized near the origin (see Fig.2 (h)) as expected but there are distinct periodic oscillations of C 12 (see Fig.2(q) ). The amplitude of oscillation is although small. For α 1 = 0, α 2 = 1.25, C 12 exhibit oscillations and the oscillation amplitude increases with time (see Fig.2(r) ). This occurs as one of the particle is moving away from the origin. So, the amplitude of such oscillation can be controlled by varying the parameter α 1 . The particles become periodically correlated and anti-correlated with time. For α 1 = 0, α 2 = 0.5, the particles remain anti-correlated. There are packets of oscillation in the temporal variation of C 12 (see Fig2(p) ).
For |ψ − initial state, the evolution is completely different from that found in cases of |Sep and |ψ + . The particles remain anti-correlated and anti-bunching behavior dominates. When α 1 = α 2 = 0, the particles exhibit nearly pure anti-bunching behavior as shown in Fig. 2(k) . It implies that upon measurement on the system, if one particle is found to be placed near one end of the line then the other particle is likely to be found at the opposite end of the line. The correlation function rapidly decays with time as shown in Fig. 2(s) . For α 1 = α 2 = 0.5, P (x, y) spreads in a slower fashion but the presence of anti-bunching behavior can still be seen in the related plot of P (x, y) (see Fig.2(l) ). C 12 also decrease in a slower fashion. For α 1 = α 2 = 1.25, the probability distribution remains localized near origin (see Fig.2(m) ). The particles remain anti-correlated but C 12 also shows oscillatory behavior indicating competition between bunching and anti-bunching (see Fig.2(t) ). When α 1 = 0, α 2 = 1.25 the probability distribution looks quite similar to that obtained with |ψ + (see Fig.2(o) ). However, the correlation function rapidly decreases with time (see Fig.2(u) ). For α 1 = 0, α 2 = 0.5, the plots of P (x, y) indicate that upon measurement, it is highly probable that both the particles are to be found on two opposite sides of the origin, one near and the other far from the origin. So, the particles remain strongly anti-correlated (see Fig.2(n) ). It is interesting to find that the system can generate localization behavior of significantly different character depending on the nature of the initial states in case of α 1 = α 2 = 1.25, even in the absence of interactions. show two-particle probability distributions P (x, y) after 100 time steps for two π-phase interacting walkers evolving under the influences of the coinĈα 1 ,α 2 (t). P (x, y) for |Sep initial state : (a) α1 = α2 = 0; (b) α1 = α2 = 0.5; (c) α1 = α2 = 1.25, (d) α1 = 0, α2 = 0.5; (e) α1 = 0, α2 = 1.25. P (x, y) for |ψ+ initial state : (f) α1 = α2 = 0; (g) α1 = α2 = 0.5; (h) α1 = α2 = 1.25, (i) α1 = 0, α2 = 0.5, (j) α1 = 0, α2 = 1.25. P (x, y) for |ψ − initial state : (k) α1 = α2 = 0; (l) α1 = α2 = 0.5; (m) α1 = α2 = 1.25, (n) α1 = 0, α2 = 0.5; (o) α1 = 0, α2 = 1.25. Figures (p)-(x) show the variations of the correlation function C12 against dimensionless time n for two π-phase interacting walkers evolving under the influences of Cα 1 ,α 2 (t). Variations of C12 for |Sep initial state : (p) α1 = α2 = 0; α1 = α2 = 0.5; α1 = 0, α2 = 0.5 (q) α1 = α2 = 1.25 (r) α1 = 0, α2 = 1.25. Variations of C12 for |ψ + initial state : (s) α1 = α2 = 0; α1 = α2 = 0.5; α1 = 0, α2 = 0.5 (t) α1 = α2 = 1.25 (u) α1 = 0, α2 = 1.25. Variations of C12 for |ψ − initial state : (v) α1 = α2 = 0; α1 = α2 = 0.5; α1 = 0, α2 = 0.5 (w) α1 = α2 = 1.25 (x) α1 = 0, α2 = 1.25.
Dynamics of two 1 interacting walkers under the influence ofĈα 1 ,α 2 (t)
In the presence of interactions, the particles become entangled [30] . Let us first describe the results obtained for |Sep initial state. In this interacting walk, the identity operator acts on the |0, ↑; 0, ↑ and |0, ↓; 0, ↓ terms of the |Sep state. Since both particles are in the same position and coin states and the identity operator does not mix the coin states of each particle, they are translated together and move in the same direction at each step of the walk. The related probability distribution P (x, y) and time variation of C 12 are shown in the Figures 3(a) and 3(b) respectively. C 12 rapidly increases with time. Since this strong bunching behavior is independent of the coin parameters, all the curves for different parameter sets nearly overlap each-other. The contribution of the other two terms present in |Sep is relatively weaker. The influence of the other terms is visible in Fig. 3(b) , as the curve for α 1 = α 2 = 0 does not exactly overlap the other curves. The temporal variations of ∆ 12 and E|ψ are quite similar to that observed in the previously studied case of two non-interacting walkers starting from |Sep initial state [30] . This is also due to the contribution of the other two terms present in |Sep . The entanglement entropy saturates to values ∼ 2 for different coin parameter combinations [30] .
When the walker pairs start from bosonic |ψ + initial state with α 1 = α 2 = 0, the particles exhibit fermionic anti-bunching behavior as is clearly shown in Fig. 4(a) . This is quite interesting as fermionic anti-bunching is obtained from bosonic initial state. The correlation function C 12 rapidly decays with time indicating that the walkers become more and more anti-correlated with time (see Fig.4 (k)). P (x, y) spreads much more slowly as the values of the coin parameters are increased to α 1 = α 2 = 0.50. The probability distributions for α 1 = α 2 = 0.50 and α 1 = α 2 = 1.25 are shown in the figures 4(b) and 4(c) respectively. The walkers exhibit anti-correlated evolution in all the three cases. However, the rate of decay of C 12 decreases as the values of the coin parameters are increased (see Fig.4(k), 4(l) ). For α 1 = 0, α 2 = 0, the probability distributions are found to exhibit behaviors qualitatively similar to the previously studied cases (see figures 4(d) and 4(e)). A difference is that the probability of finding both the particles together at the origin is smaller than that found in the previously studied cases with α 1 = 0, α 2 = 1.25. The scenario becomes more interesting when the walker pairs start from |ψ − initial state with α 1 = α 2 = 0. The probability distribution P (x, y) consists of two parts. One part spreads along one diagonal of the xy plane in Fig. 4(f) indicating the presence of bunching behavior and the other part corresponds to anti-bunching. So, there are finite probabilities that upon measurement, two particles can either be found bunched together or they can also be found far apart from each-other situated on the opposite ends of the line. The correlation function C 12 rapidly decays with time indicating that the walkers remain anticorrelated. This is because the anti-bunching peaks are more distant from the origin in comparison to the bunching peaks. As the values of α 1 , α 2 are simultaneously increased from 0 to 0.5, the dynamics becomes very slow. The average separation reaches a value ∼ 4.5 after 100 steps. Fig. 4(g) shows that a significant part of P (x, y) is localized near origin. Both P (x, y) and C 12 evolves quite slowly with time (see Figs.4(g) and 4(n) ). The system exhibits dynamics which is much more slower than what is naively expected in case of two such walkers. For α 1 = α 2 = 1.25, although the probability distribution remains localized near origin(see Fig.4(h) ), the dynamical behavior is quite different from our expectations. Here both the correlation function and the average separation ∆ 12 exhibits periodic oscillatory behavior (see Fig.4(o) ) [30] . This is a "dynamical" kind of localization. When α 1 = 0, α 2 = 1.25, the probability distribution shown in Fig. 4(j) indicates that it is highly probable that upon measurement both the particles would be found at origin. Therefore, for α 2 = 1.25, the system exhibits very slow evolution even if α 1 = 0 (see Fig.4(p) ). If one walker has slow dynamics then the other walker also evolves slowly. Even for α 1 = 0, α 2 = 0.5, P (x, y) has peaks near origin(see Fig.4(i) ). The particles become more and more anticorrelated with time but in a much more slower fashion in comparison to the previous cases (except the non-interacting case with |ψ + )with α 1 = 0, α 2 = 0.5 (see Fig.4(n) ). One interesting observation is that for |ψ − initial state, two interacting walkers will exhibit very slow dynamics whenever one of the coin parameters is ≥ 0.5. Let us now describe the results for π-phase interaction. When the walkers start from the |Sep initial state with α 1 = α 2 = 0, the probability distribution P (x, y) exhibits a diagonally spreading part alongwith an anti-bunching part (see Fig.5(a) ), similar to the previously described case of 1-interaction and |ψ − state. However, the plot of P (x, y) in Fig.5(a) also shows that the contribution to the anti-bunching part is relatively stronger here. As a result, the correlation function C 12 decays relatively faster (see Fig.5(p) ) For α 1 = α 2 = 0.5, a major part of P (x, y) remains localized near origin (see Fig.5(b) ). The other part generates anti-bunching. For α 1 = α 2 = 1.25, the system becomes localized near origin (see Fig. 5(c) ) and the particles remain anticorrelated (see Fig. 5(q) ). For α 1 = 0, α 2 = 0, the situation becomes more interesting as the probability distribution P (x, y) is quite different from the previously described cases. For α 1 = 0, α 2 = 1.25, P (x, y) has three sharp peaks in three different regions of the plot(see Fig.5(e) ) : origin and two other points(quite distant from origin) on the y-axis. This indicates that upon measurement, three cases are most likely to happen : Firstly, both walkers can be found at origin. Secondly, one walker can be found at origin and the other one can be found positioned at a distant point on the positive side of the origin. Thirdly, one walker can be found at origin and the other one can be found positioned at a distant point on the negative side of the origin. The walkers become periodically correlated and anticorrelated with a period of one time step as shown in Fig. 5(r) . The oscillation amplitude increases with time. For α 1 = 0, α 2 = 0.5, the probability of last two phenomenon decreases as can be seen from the flattening of the related two sharp peaks along X axis. The corresponding temporal variation of C 12 is shown in Fig. 5(p) .
For |ψ + initial state, the plots of the probability distributions P (x, y) are shown in Figs. 5(f)-5(j). For α 1 = 0, α 2 = 0, the dynamics remains qualitatively similar to that obtained with |Sep . As the values of α 1 , α 2 are simultaneously increased from 0 to 0.5, the dynamics becomes very slow. The average separation reaches a value ∼ 2.7 after 100 steps [30] . Both P (x, y) and C 12 evolves quite slowly with time (see Fig.5(g) and Fig.5(s) ). For α 1 = α 2 = 1.25, the probability distribution remains localized as expected (∆ 12 ∼ 0.2 after 100 steps, which is the smallest amongst all the studied cases withĈ α1,α2 (t) . The average separation performs oscillations of a quite small amplitude (∼ 0.1) [30] . The correlation function exhibits periodic oscillatory behavior (see Fig. 5(t) ). The particles exhibit correlated evolution. In this way, this case is quite different from most of the "localized" cases (i.e., cases with α 1 = α 2 = 1.25) studied here where particles have been found to exhibit anti-correlated evolution. When α 1 = 0, α 2 = 1.25, the probability distribution P (x, y) again has three sharp peaks (see Fig.5(j) ). The difference with the |Sep state is that here the height of the peak at origin is slightly smaller and the heights of the other two peaks are slightly higher than that obtained in case of |Sep state. The corresponding correlation function has an interesting temporal evolution (see Fig.5(u) ). Although, the particles mostly remain correlated during the evolution, C 12 exhibits oscillations where the maximal value of correlation gradually increases with time. For α 1 = 0, α 2 = 0.5, the dynamics is quite slow (see Fig.5(s) ). It is interesting to note that for both α 1 = 0.5, α 2 = 0.5 and α 1 = 0, α 2 = 0.5, C 12 decays in a qualitatively similar way although the parameter combinations are different from each other.
The results for |ψ − initial state are quite similar to that obtained in the previously described case of two 1-interacting walkers starting from |ψ − initial state. The two particles probability distributions are shown in the figures 5(k)-5(o) and the temporal variations of the correlation functions are shown in the figures 5(v)-5(x).
Overall diversity in theĈα 1 ,α 2 (t) driven dynamics
The time-dependent coinĈ α1,α2 (t) has generated rich variety of dynamical behavior. Here we briefly summarize the overall diversity in the dynamics for some sets of parameters.
For α 1 = α 2 = 1.25, although localization has been found for all different initial states and interactions, the character of localization for different initial states and interactions has been quite different. In some cases, we have observed correlated evolution whereas in some other cases anti-correlated evolution has been found. A "dynamical" kind of localization, where both the average separation and the correlation function exhibit periodic oscillations, has also been found in a particular case. On the other hand, we have also found a particular case of localization where the average separation is quite small(∼ 0.2) in comparison to its typical values(∼ 1.5) [30] .
For α 1 = 0, α 2 = 1.25, we have observed that depending on the initial states and interactions, the system can exhibit any one of the following three scenarios : (1) both the particles can be found simultaneously localized near origin, (2) only one of them can be found to be localized near origin, and (3) both of them can be found at positions quite distant from the origin.
For α 1 = α 2 = 0.5, both the decay rate of C 12 and growth rate of ∆ 12 have been found to change significantly for different initial states and interactions. For two π-phase interacting walkers starting from |ψ + state, both the rates attain their smallest values whereas for two 1 interacting walkers starting from |ψ + state, both the rates attain their highest values. On the contrary, such drastic change has not been found under similar conditions for the time independent coins (α 1 = α 2 = 0).
B. The case of time-dependent coinĈΦ(t)
As described earlier in Sec. IV, the time-dependent coinĈ Φ (t) generates dynamical localization phenomenon in case of single particle QW. The fate of such behavior in case of two particle QW is a non-trivial question. How do the interactions and initial states influence the coin-parameter dependence of such QW evolution is also difficult to answer. Here we perform extensive numerical simulations in order to answer these questions. The related 4 × 4 matrixĈ Φ,Φ has been described earlier in Sec. V. We present the results mainly for three different sets of coin parameters q and p : (1) q = 1, p = 100, (2) The dynamical localization of a single quantum walker can be detected from the periodic variation of its probability distribution P (x) with time. Alternatively, one can also consider the periodic time-variation of the standard deviation as a signature of dynamic localization (see Fig.1(b) and related discussions in Sec. IV). For the two particle case, we have shown below the temporal behavior of the collective dynamical properties of the walkers which bear clear signatures of both the presence and absence of the two body dynamical localization phenomena in different cases. In addition, some plots of P (x, y) are also provided in the supplementary material [34].
Dynamics of two non interacting walkers under the influence ofĈΦ(t)
Let us first describe the results obtained in the simplest case, i.e., the case of two non-interacting walkers starting from |Sep initial state. In this case, the two-particle probability distribution P (x, y) is simply the product of two single walker probability distributions. Both the single walkers perform mutually independent dynamical localizations controlled by the coin parameters p and q. So, as expected, the system exhibits coin-parameter dependent "two-body dynamical localization". P (x, y) has both bunching and anti-bunching peaks which start moving away from the origin with time and periodically return to the same point simultaneously after an interval of p steps. Therefore, ∆ 12 exhibits periodic oscillations as the anti-bunching peaks contribute to ∆ 12 . We have shown the variation of ∆ 12 against time for three different combinations of q and p in Fig. 6 . The plots show that the period of oscillation is p and the number of secondary oscillation is q as was found in case of dynamical localization of single particle. The amplitude of the periodic oscillations depends on the values of both q and p. It increases with p. For a fixed value of p, the amplitude decreases with increasing q. Since there is no interaction, the correlation function C 12 and the entropy E(|ψ ) remain equal to zero.
The entangled bosonic and fermionic initial states generate positional correlations between the particles. We analyze the temporal variations of the correlation function C 12 to distinguish and characterize the twobody dynamical localization phenomena generated by the two different initial states. Earlier, we demonstrated that |ψ − state generates pure anti-bunching phenomena for the non-interacting walkers with time-independent Hadamard coins (the case of C α1,α2 with α 1 = α 2 = 0 ). C 12 remained negative throughout that evolution. Here also, we see thatĈ 12 is negative during the evolution, but it exhibits distinct periodic oscillations of period p (see Fig.7(c) ). Since the particles become anti-correlated, we call this phenomenon "anti-correlated" two-body dynamical localization. The amplitude and period of oscillations of both C 12 and ∆ 12 are controlled by the parameters p and q. The nature of time variation of ∆ 12 , shown in Fig. 7(d) , is similar to that observed in case of |Sep state. The only difference is that the amplitude of oscillation of ∆ 12 , for fixed values of p and q, is higher in case of |ψ − as no terms of |ψ − contributes to bunching behavior in difference to |Sep . |ψ + state generates a quite different type of dynamical localization. The difference can be seen in the time-variation of the correlation function C 12 shown in the figure 7(a) . In case of Hadamard coins, C 12 remained positive for |ψ + throughout the evolution. Here also, C 12 mostly remains positive during the evolution. At a first glance, the plots of C 12 ( Fig. 7(a) ) may also look like inverted mirror image of the respective plots (Fig. 7(c) ) of C 12 obtained in case of |ψ − . However, here C 12 exhibits periodic oscillation between positive and negative values through zero value. So, the walkers periodically become mutually correlated-uncorrelatedanti-correlated with time. It is interesting to note that even for bosonic |ψ + state, C φ (t) makes the particles mutually anti-correlated for certain short period of time. Since the particles mostly remain remain correlated, we call this phenomenon "correlated" two-body dynamic localization. The related time variation of ∆ 12 , shown in Fig. 7(b) , is slightly different in comparison to the above described case of |Sep state. The amplitude of ∆ 12 becomes highest in case of |ψ − among the three different initial states.
The system exhibits Interesting phenomena when the walkers are controlled by two different coinsĈ H and C φ (t). The first one is the Hadamard coin and the other one is the coin generating dynamical localization. The 7(e) and 7(g) respectively for |ψ + and |ψ − states. For |ψ − , C 12 periodically becomes positive and negative. It indicates that one of the particle is moving away from the origin with time whereas the other particle is performing dynamic localization around origin. For |ψ + , C 12 remains mostly positive during evolution and its amplitude of oscillation increases with time. It indicates that one of the particles is going further away from the origin with time and the other particle is performing periodic oscillation with the center of oscillation a bit shifted from the origin in the direction of motion of the first particle. It is interesting to note that even for |ψ − , the particles become correlated for certain amount of time.
Previously, we described the dynamics of the system under the influence ofĈ α1,α2 (t) (α 1 = 0, α 2 = 1.25), (Figs. 2(r) and 2(u) ), i.e. the case where the system was evolving under the influence of two coins of contrasting nature. In that case, the particles became correlated, uncorrelated and anti-correlated periodically with time when they start evolving from a (|ψ + initial state. On the contrary, for the combination ofĈ H andĈ φ (t), the particles remain correlated throughout the evolution (Fig. 7(e) ).
Dynamics of two 1 interacting walkers under the influence ofĈΦ(t)
Here we describe QW evolutions for 1 interactions between two particles. 1 interaction generates quite different evolutions for three different considered initial states. Let us first describe the QW evolution starting from |Sep initial state. In this interacting walk, the identity operator acts on the |0, ↑; 0, ↑ and |0, ↓; 0, ↓ terms of the |Sep state. The identity operator does not mix the coin states and as a result the particles are translated together in the same direction at each time step. This behavior is independent of the coin parameters as the coin operator does not get a chance to act on the above two terms. The related time variation of C 12 is shown in Fig. 8(a) . It is observed that C 12 rapidly increases with time. Since this strong bunching behavior is independent of the coin parameters, all the curves for different parameter sets overlap each-other (see Fig.8(a) ). The contribution of the other terms in |Sep state is much weaker than the contribution of the above terms. The contributions of the other terms can be seen in the variations of ∆ 12 and E(|ψ ). Such strong bunching behavior was also observed, due to the same reasons, in case ofĈ α1,α2 (t) coins. Here the particles become entangled as a result of the interaction and the entanglement entropy E(|ψ ) oscillates periodically (see Fig.8 (c)) about a certain value which appears to be a constant contribution to E(|ψ ) coming from the |0, ↑; 0, ↑ and |0, ↓; 0, ↓ terms. For bosonic |ψ + initial state, a unique scenario is obtained. All the three observables, including the entanglement entropy, exhibit coin parameter dependent tunable periodic oscillations for all the three sets of coin parameters (see Figs.8(d)-8(f) ). It is quite non-trivial that all the three observables exhibit such behavior. So, the signatures of two-walker dynamic localization becomes evident in all the joint properties of quantum origin. The particles start from the origin being uncorrelated (C 12 = 0) and minimally entangled (E(|ψ ) = 1). Then for the first half of the time-period, both the average separation ∆ 12 and entanglement entropy E(|ψ ) increases with time as the particles become more and more anti-correlated. Then during the next half of the time-period, both ∆ 12 and E(|ψ ) decreases simultaneously whereas C 12 increases. At the end of each time-period, both the particles return to origin being uncorrelated and minimally entangled(E(|ψ ) = 1) (i.e., exactly the state of the system at time t=0). The time period and amplitude can be controlled by the coin parameters p and q. The related figures are 8(d)-8(f) [33] . The tunable periodic oscillations of the entanglement entropy E(|ψ ) is quite interesting. Here, the quasiperiod can be controlled by the parameter p.
There are also secondary oscillations controlled by q. So, this is an example of a simple two particle system where we can generate controllable periodic oscillation of E(|ψ ).
For |ψ + initial state, the correlation function oscillates between zero and a certain negative value. So, the walkers mostly remain anti-correlated during the evolution. This is contrary to the case of time independent coinsĈ α1,α2 ( with α 1 = α 2 = 0) where the particles remains correlated starting from |ψ + initial state as the bunching behavior dominates over the anti-bunching phenomenon.
For |ψ − initial state, the collective dynamics and its coin parameter dependence become more complex. Although, the system still exhibits two-body dynamical localizations with tunable periodic oscillations of the three observables for some (q, p) combinations, the q, p dependences of the time-period and the number of secondary oscillations becomes more complex in comparison to that found in the previously described cases of |Sep and |ψ + states. The temporal variations of the dynamical observables are shown in the figures 8(g)-8(i). The plots of ∆ 12 show flatter peaks which is also a difference with the previously discussed cases. Fig.  8(g) shows that the particles mostly remain correlated during their evolution for q = 4, p = 50 whereas they mostly remain anti-correlated for q = 1, p = 100. So, the nature of the correlations here depends strongly on the coin parameters. It can also be seen that the amplitudes of the periodic oscillations of C 12 and ∆ 12 are smaller than that found in the previously discussed cases (both for q = 1, p = 50 and q = 1, p = 100). In the previously discussed cases of dynamical two body localization, the number of secondary oscillations of the dynamical observables was equal to the value of the parameter q. The influence of the parameter q is more complex here. In order to understand the influence of the coin parameters, we have studied the dynamics for some more different values of q and p [32]. We find that in most cases the system exhibits dynamic localization where the time period of oscillation of the dynamic observables is either p or 2p. However, we couldn't see any such simple relationship between the number of secondary oscillation and q. Similarly, the results do not indicate any simple dependence of the oscillation amplitudes on q, p. It is interesting to note that a new phenomenon is found for some (q, p) combinations in which the probability distribution P (x, y) spreads with time in contrary to being localized. We call it "oscillatory spreading" as P (x, y) exhibits time dependent oscillations. Such behavior is also observed for π-phase interactions. We describe the phenomenon in more detail in next paragraph with the help of figures 9(a)-9(f). When the particles interact via π-phase interaction and start from either |Sep or |ψ + state, we find dynamic localization only for some specific combinations of the coin parameters (q, p) among the different considered ones [32] . For the other values of (q, p), the particles remain correlated and the corresponding two particle probability distribution P (x, y) not only spreads with time but also exhibits oscillatory behavior. We call this phenomenon "correlated oscillatory spreading" [34] . The oscillatory spreading behavior is found for q = 1, p = 50 and q = 1, p = 100 (see Figs.9(a)-9(f) ) [34] . After some initial period, the two particles become more and more correlated with time as shown in the Figs. 9(a) and 9(d). The entanglement entropy also increases slowly with time. Let us now discuss the dynamic localization behavior found in case of π-phase interactions. Here, q = 4, p = 50 generates dynamic localization behavior (see Figs.9(a)-9(f)). However, the simple dependence (p ≡ period of oscillations, q ≡ number of secondary oscillations) on the coin parameter gets modified in this case. In order to understand the influence of the coin parameters, we have studied the dynamics for some more different values of q and p [32]. We find that only in few cases the system exhibits dynamic localization where the time period of oscillation of the dynamic observables is 2p. However, we couldn't see any such simple relationship between the number of secondary oscillation and q. Similarly the results do not indicate any simple dependence of the oscillation amplitudes on q, p. Such modification was also found in the previously described case of 1 interaction and |ψ − initial state.
When the particles start from the |ψ − initial state, the dynamics is found to be quite similar to that observed in case of two 1 interacting particles starting from |ψ − state (see Figs.9(g)-9(i)). Even in case of time-independent C α1,α2 (α 1 = α 2 = 0) coins, |ψ − initial state generated qualitatively similar dynamics in cases of 1 and π-phase interactions. So, for π-phase interaction, the simple dependence (p ≡ period of oscillations, q ≡ number of secondary oscillations) on the coin parameter gets modified for all the three different initial states.
Overall diversity in theĈ φ (t) driven dynamics
The time dependent coinĈ φ (t) generates a widespectrum of two-body dynamical phenomena depending on the nature of interaction, initial state and the coin parameters. In some cases, the system exhibits "simple" dynamic localization where the q,p dependence of the periodic oscillations of the dynamic observables is simple. Moreover, such phenomena can be divided into two category : (I) Correlated dynamic localization and (II) Anti-correlated dynamic localization depending on the nature of the two different entangled initial states. In some other cases, the system exhibits "complex" dynamical localization where the q, p dependence of the periodic oscillations of the dynamic observables is more complicated. Moreover, the nature of positional correlation in these cases becomes dependent on the coin-parameters. Finally, the system also exhibits a third kind of dynamical phenomena : "oscillatory spreading" where the system does not localize and the corresponding probability distribution shows oscillatory behavior alongwith spreading.
We have found particular cases of two body dynamic localization in which all three joint quantities (∆ 12 ,C 12 and E(|ψ )) perform periodic oscillations with coin-parameter dependent amplitude and time-period.
We have to remember that these are transient behavior, obtained for rational values of q p [18] . At long times we should expect ballistic dynamics at the level of individual particles. The dynamical localization phenomena can be further modified by using two different coins of kindĈ Φ (t) with two different sets of q, p parameters. However, we have already presented a rich variety of dynamics by just focussing on the simpler cases which could be helpful for developing an understanding for more complex cases. Some of the cases studied here needs a better understanding which is left for future work.
VIII. CONCLUSION & OUTLOOK
Controlling QWs is a topic of current interest [35] . Researchers have been prescribing new type of quantum coins (step-dependent coins [36] , position dependent coins [37] , a combination of two entangled coins [38] etc.) and different types of shift operators [39] to manipulate QW dynamics of a single particle. We have presented here a first numerical simulation on controlling two-particle walks using time-dependent coins. Although various types of time-dependent coins can be constructed, we have considered here two specific time-dependent coins which enable a realization of wide spectrum of dynamical behavior. The results presented here can be considered as a generalization of two particle QW dynamics on a line. Some of the reported behaviors can be obtained in different situations even without the use of time-dependent coins. For example, two quantum walkers in presence of decoherences [40] are expected to generate dynamics qualitatively similar to that demonstrated using coinĈ α1,α2 (t) with α 1 = α 2 = 0.5. Position dependent phases [19, 20] , if employed in a system of two particles, are expected to generate twobody dynamical localization and oscillatory spreading phenomena qualitatively similar to that reported here.
One obvious extension of the present work would be to explore the dynamics on more complicated graphs. We have studied here the collective dynamics of two quantum particles. One can also study the dynamics of a multi-particle system using the time-dependent coins. We have considered here only 1 and π-phase interactions. An interesting extension of the present work would be to consider other types of possible two-particle interactions such as long range interactions [41] . Our work will form a base for understanding such results by comparing and contrasting those results with the results presented here. We have also studied here the collective dynamics of two particles of different nature. Similar studies with multiple particles will help to answer the following question : How far can we manipulate the collective dynamical behavior of a group of quantum particles by tuning only the behavior of a single particle ? It is quite possible that a single particle with tunable dynamics in a group of particles can influence the collective dynamics in the presence of multi-particle quantum correlation and multipartite entanglement. However, an experimental realization of such a theoretically interesting idea may be a difficult problem.
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